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Introduction
Uvod

This paper studies ionized gas i.e. air flow in the
boundary layer on bodies of revolution. The contour of the
body within fluid is nonporous. The ionized gas flows in the
conditions of the so-called equilibrium ionization.

The main objective of this investigation is to apply the
general similarity method to the studied problem. The
ultimate objective is to solve the obtained generalized
equations in an appropriate approximation and to draw
conclusions on behaviour of certain physical quantities and
characteristics in the boundary layer.

The general similarity method was first introduced by
L. G. Loitsianskii [1]. The method was later improved by V.
N. Saljnikov [2]. The investigators of St Petersburg School
and Belgrade School of boundary layer used this method to
solve numerous important flow problems in the boundary
layer (MHD and temperature boundary layer [1-4]). The
original version of this method 1 was successfully used for
planar boundary layer of the dissociated gas [5, 6]. Using
Saljnikov's version of the general similarity method
different planar problems of both dissociated [7, 8] and
ionized gas flow [9] in the boundary layer were solved.

The paper gives the results of an investigation of the
ionized gas (air) flow along a body of revolution. The results
were obtained by application of Saljnikov's version of the
general similarity method. Unlike other methods [10, 11],
both versions of the general similarity method involve
usage of the momentum equation and sets of corresponding
parameters (form parameters, magnetic parameters...).
These are the so-called similarity parameters.
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2
Governing boundary layer equations
Polazne jednadžbe graničnog sloja

When gas flows at high velocities (e.g. supersonic
flight of an aircraft through the Earth's atmosphere), the
temperature in the viscous boundary layer increases
significantly. At high temperatures ionization of gas (air)
occurs together with dissociation. Because of this thermo-
chemical reaction the gas becomes electroconductive (its
electroconductivity is ). Then the gas (air) consists of
positively charged ions, electrons and atoms (of oxygen and
nitrogen).

If the ionized gas flows in the magnetic field of the
power an electric current is formed in the
gas, which causes appearance of the Lorentz force and the
Joule's heat. Due to these effects, new terms, not found in
the equations for homogenous unionized gas, appear in the
equations of the ionized gas boundary layer [12].

For the case of ionized gas flow in the magnetic field, in
the conditions of equilibrium ionization, the equation
system of steady laminar boundary layer on bodies of
revolution [7, 10, 12] has the following form:
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In the mathematical model (1), the first equation
represents a continuity equation of axisymmetrical flow

of the compressible fluid on bodies of revolution [12].
The second equation is dynamic and the third one is an
equation of the ionized gas boundary layer. The term

in the dynamic equation represents Lorentz force,
and the term in the energy equation stands for
Joule's heat [12].

In the system (1) the notation is standard for the
boundary layer theory [13, 14]: , - are longitudinal and
transversal coordinates, is a longitudinal projection
of velocity in the boundary layer, transversal
projection, - ionized gas density, - pressure,
coefficient of dynamic viscosity, - enthalpy, ( ) - radius of
the cross-section of the body of revolution and

Prandtl number where - stands for coefficient of thermal
conductivity and - specific heat of ionized gas. The
subscript denotes physical values at the outer edge of the
boundary layer and the subscript stands for the values on a
nonporous wall of the body of revolution within the fluid.

The radius is normal to the axis of revolution (Fig.
1). The function practically defines the contour of the
body of revolution. The thickness of the boundary layer
is considerably smaller than the radius of the body of
revolution therefore, it can be ignored in
relation to 12. However, this cannot be applied to long
thin bodies [12, 15].

In general, the ionized gas electroconductivity is a
variable quantity that depends on the temperature, i.e. the
enthalpy. In our investigations, by analogy with power

of the magnetic field [12], the electroconductivity is
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and =

and

=0

In the transformations (4) and further in the paper, the
values ∙ denote the known values of the density
and dynamic, i.e. kinematic viscosity at a certain point of the
ionized gas boundary layer. Here, denote the
known values of these quantities on the wall of the body of
revolution. Note that transformations (4) were used for
in papers [5, 17].

Having changed the variables, it is relatively easy to
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Taking the boundary conditions at the outer edge of the

boundary layer into consideration, the pressure can be
eliminated from the system (1).
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Figure 1
Slika 1.

The gas flow along the body of revolution
Strujanje plina duž tijelarotacijskog

Then the governing equation system can be brought
to the following form:
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In the system (3), the continuity equation is written in
the form that is more suitable for the obtained momentum
equation. Here, is a constant characteristic length (and for
the numerical calculation, it is taken that =1).

By the procedure [16] (by analogy with incompressible
fluid flow 1), from the first two equations of the system (3)
and by integration transversal to the boundary layer (from

, the following equation is obtained:
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obtain the momentum equation. This equation can be found
in its three forms:
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Where prime ( ) denotes a derivation per the
longitudinal variable .

'
s

( ), ( ),
( ),

( ), ( ), ( )
.

While obtaining the momentum equation, the common
quantities are defined: conditional displacement thickness

conditional momentum loss thickness
conditional thickness nondimensional friction
function form parameter magnetic parameter
as well as a characteristic function of the boundary layer

These, as well as other quantities of the boundary layer are
defined using the expressions:
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For =0 all the expressions (4), (5) and (6) completely
come down to the corresponding expressions for planar
ionized gas flow in the boundary layer [7].

j 3
Transformations of the boundary layer equations
Transformacija jednadžba graničnog sloja
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In order to apply the general similarity method, the
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that come from the continuity equation. For =0, the
relations (7) come down to the corresponding expressions
used in e.g. papers [5, 7] for planar flow of dissociated i.e.,

j ionized gas.
Applying (4) and (7), the governing equation system (3)

is brought to this form:
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In the system (8), the nondimensional function is
determined with the expression
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=0
The obtained equations (8) are formally the same as the

corresponding equations in [7], while for they are
completely the same.

In order to apply Saljnikov's version of the generalized
similarity method, the procedure already used for solution
of boundary layer fluid flow problems was carried out. For
that reason, a new change of variables is performed:

j

4
Generalized equations of the boundary layer
Poopćene e graničnog slojajednadžb

here - stands for a newly introduced transversal
variable, - new stream function, - nondimen
sional enthalpy, total enthalpy in the outer flow of the
body of revolution within the fluid, while stand for
arbitrary constants.
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where the quantities , and are considered to continual
functions of the variable .

The new transversal variable and the stream
function can also be written in a more suitable form as:
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Using the newly introduced variables (10), i.e. (12), the
equation system (8) after a comprehensive transformation is
brought to a form suitable for further analysis. Thus
transformed equation system is written as:
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The quantity appears in the energy equation
of the system (13) and in the boundary conditions, and just
like with dissociated gas [5], it is called the local
compressibility parameter. This parameter represents an in
advance given function of .

Furthermore, both equations of the system (13) contain
the quotient in the corresponding terms; hence, the
solution of the system will depend on each concrete form of
the given velocity on the outer edge of the boundary
layer. Therefore, the obtained system is not generalized in
terms of Loitsianskii [1], and it is not possible to obtain the
so-called generalized boundary layer equations using the
functions and( , ) .
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parameters. In the literature, the relations as (14) are called
"the general similarity transformations" and the sets of
parameters are called "the similarity parameters". These
parameters are independent variables (instead of the
variable ).

In the studied flow case, the introduced sets of
parameters are determined with the expressions:

s
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case the transformations of the variables and parameters
have the same form.

In three-parametric twice localized approximation ( =
0, =
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the obtained equation system is significantly
simplified. In this approximation the generalized equation
system (17) comes down to:
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Note that the introduced sets of parameters and
equations (16) have formally the same structure as the
corresponding expressions with incompressible fluid flow
[1]. Based on (15), the first parameters of the sets and

represent the already
defined form parameter and magnetic parameter (6).

Having applied the similarity transformations (12) and
(14), the boundary layer equation system (8) is finally
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Since in (17) the distribution of the outer velocity ,
does not figure explicitly, this system is generalized. The
system of generalized equations (17) represents a general
mathematical model of the ionized gas flow in the boundary
layer on bodies of revolution. Once again note that the
obtained system (17) has the same form as the equation
system of the corresponding ionized gas planar flow [7]. For
j=0, these equation systems are the same because in that
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The system of approximate generalized equations (18)
represents a mathematical model of this problem of ionized
gas flow in the boundary layer on bodies of revolution.

Furthermore, by analogy with the dissociated gas [5],
for the function and the density ratio approximate
values are adopted in the form of the expressions:

Q

5
Numerical solution
Numeričko rješenje

For numerical solution of the system (18), the order of
the dynamic equation is first decreased using the change

where
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Taking into consideration the change (19), the equation
system for numerical integration is finally brought to the
form (20):
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functions , and at zero iteration are
and The equation system (20) is

nonlinear, therefore it is solved using an iterative procedure.

Numerical solution of the system of generalized
equations (20) is obtained for each cross-section of the
boundary layer (starting from the cross-section in
the form of tables. Only some of the results in the form of
diagrams are shown in this paper. The subscript 1 is omitted
in the parameters

B Q

= 0,00)

6
Results
Rezultati

f1

f g

f f f f

f

f

f

f

1 1

1

0

0

and .

= = 0,18; = 0,00 and = 0,18),
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Figure 2 shows the diagram of the nondimensional
velocity for three cross-sections of the
boundary layer – while
the value of the compressibility parameter is
Figure 3 gives the diagram of the distribution of the
nondimensional enthalpy at these cross-sections, where
the compressibility parameter is Figure 4
represents the distribution of the nondimensional enthalpy

at one cross section of the boundary layer but for
three different values of the porosity parameter. Figure 5
shows the distribution of the nondimensional friction
function in the boundary layer for three values of the
magnetic parameter . Finally, Figure 6 gives the diagram of
the distribution of the characteristic function of the
boundary layer.

The general similarity method was successfully applied
to the ionized gas flow in the boundary layer. However,
there are some difficulties in application of this method,
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Conclusions
Zaključci
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= 0,05

Note that a detailed investigation with thermodynamic
tables for dissociated i.e., ionized gas is needed for finding
the exact laws on distributions of these quantities, which is
not the objective of our investigation.

Numerical solution of the system of conjugated partial
differential equations (20) is performed by means of finite
differences method using the passage method. For that
reason, the boundary layer area is replaced with a planar
integration grid that contains cells with values
and

Δη
Δf

M N

Pr

a b

1= 0,001 7, 17, 18 .

,

= = 401.

= 0,712

= 0,4408 and = 5,7140.

[ ] Some derivatives in the equations
(20) are replaced with the corresponding finite differences
at discrete points of the grid. The values of the functions

and are calculated at these points of each calculating
layer. The number of discrete points for each calculating
layer is

Due to localization per the compressibility and
magnetic parameter, these parameters play the role of
simple parameters. Therefore the equation system (20) is
solved for each in advance given value of these parameters.
Since Prandtl number practically does not depend on the
temperature, the equations are solved for (for
air). The usual values are taken for the constants and [2]:

For a concrete solution of the generalized equation
system (20), i.e., the corresponding system of algebraic
equations expressed by means of the finite differences
method, a suitable program in FORTRAN programming
language was written. It is based on the program used in the
paper [2]. The accepted values for the characteristic
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mainly of mathematical nature.
Application of this method has given important quality

results that illustrate the behaviour of the distributions of the
physical and characteristic quantities at certain cross-
sections of the boundary layer.
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Figure 2
Slika 2.

Diagram of the nondimensional velocity
Dijagram bezdimenzijske brzine
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Slika 3.

Diagram of the nondimensional enthalpy
Dijagram bezdimenzijske entalpije
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Figure 4 Diagram of the nondimensional enthalpy
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Slika 4. Dijagram bezdimenzijske entalpije
for different values of the parameter

/

,

Note that the system of generalized equations (17) has
the same form as the corresponding equation system for the
planar ionized gas flow along a nonporous contour. It,
obviously, enables the transformations (4) that contain the
terms ( / ) and / .

Based on the numerical results a general conclusion can
be drawn: the distributions of the obtained solutions of the
boundary layer equations have the same behaviour as with
other problems of dissociated gas flow.

Based on the diagrams here presented and others not
shown, the following concrete conclusions can be drawn:

The nondimensional flow velocity at different

cross-sections of the boundary layer on bodies of revolution
converges very fast towards unity (Fig. 2).

The nondimensional enthalpy converges relatively fast
towards the value                        at the outer edge of the
boundary layer (Fig. 3).

The compressibility parameter has a significant
influence on distribution of the nondimensional enthalpy at
any cross-section of the boundary layer (Fig. 4).

The diagram in Figure 5 shows that the magnetic
parameter has a significant influence on the nondimensional
friction function and hence on the boundary layer
separation point. A decrease in the value of the magnetic
parameter postpones the separation of the boundary layer.
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Slika 5.

Distribution of the nondimensional friction function
Raspodjela bezdimenzijske funkcije trenja
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Slika 6.

Distribution of the characteristic function
Raspodjela karakteristične funkcije
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�

of the
The magnetic parameter has a significant influence on

the distribution of the characteristic function
ionized gas boundary layer on bodies of revolution (Fig. 6).

In order to obtain more exact quantitative solutions, the
system (17) should be solved in three-parametric
approximation but without localization per corresponding
parameters, in particular without localization per the
compressibility parameter. This is very important because
the compressibility parameter has a great influence on the
change of enthalpy in the boundary layer. Furthermore, it
has been noted to change even the general character of the
behaviour of the distribution of the enthalpy [5], which
could be also expected in this case. However, solution of
these equations without localization would be brought with
both mathematical and software difficulties.
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